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1. Introduction

Water is contained in a living body, and the permittivity
changes considerably at approximately 10 GHz. The wave
frequency employed for high-resolution Radar inspection
of the internal regions comprising a living body has been
gradually increasing, and in the most recent our systems of
microwave mammography [1-2], the frequency of the
signal source is 18 Gbps. In Ultra-wideband radar systems
using such frequency regions, performing inverse
scattering analysis for cases involving a dielectric
dispersion is essential. In this paper, the already developed
scattering field theory [3], which is a universal theory for
three-dimensional imaging using all kinds of waves such as
electromagnetic waves, and elastic waves, and essentially
includes the mathematical theory for synthetic aperture
radar, X-ray computed tomography and Magnetic
Resonance Imaging, is extended to the case involving a
dielectric dispersion essential for microwave subsurface

imaging. A method of pseudo-differential operators is

5.5

Dielectric constant

3.5

15 20

Frequency (GHz)
(a)

Effective conductivity (S/m)

used to derive the equations for multi-static and monostatic
scattering fields. Debye’s formula is used for modelling the
dielectric dispersion. The solution of the derived partial
differential equation considering a scattering field can be
obtained using measured data from the curved surface.

2. Frequency dependence of permittivity

Considering the resolution and transmission distance, the
frequency band used for microwave mammography is 1
GHz — 20 GHz. However, water, of which the living body
is composed of at a high ratio, causes dielectric dispersion
in this frequency region [4,5] . The permittivity in the 14
GHz — 20 GHz region is approx. 60% of the permittivity
occurring in the 1 GHz — 5 GHz region. The frequency
dependence of the Debye permittivity is given as follows:

E.— €&
glwy=¢,+——=
l+iot
£(0)=¢, )
g(o)=¢,

5 10 1I5
Frequency (GHz)

(b)

20

Fig.1: Microwave dielectric properties of normal breast tissues : a low-water-content sample. Reprinted from [4].
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Where w is the angular frequency, 7 is the relaxation time
which corresponding to the time need for electric dipoles to
orient in the direction of an electric field and a,b and «
are constants. The constant a is the constant value of the
dielectric permittivity at sufficiently high frequencies

(= &), bisthe dielectric strength (= & — &) and a isthe
relaxation time squared (= t2).

Then, velocity of light depends on permittivity, and
frequency is expressed by wave number k and factor a, b
and a inEq. (2).

o(@) = —2
= ®)

f =ia) = iC(a))k
27 2r

1 J—(a+b—cUZak2)+\/(a+b—c02ak2)2+4aac02k2
27 2aa

..@
When the frequency is w= 2rf the wave equation is given
as follows:
(0,2+0,2+0,2)p(t, X, y,2)
1

—Wa[ o(t,x,y,2)=0

...(5)
However, when a dielectric dispersion exists, the
representation of a wave without a fixed frequency requires
the solution of more than one wave equation. This results
from the fact that the motion of the molecule (dipole) that
causes the dielectric dispersion must be considered in the
wave representation. The equation where the above
frequency f s represented using the wave number k in
space plays an important role in solving the inverse

scattering problem in a disperse medium.

3. Pseudo-differential operator
Here, we explain the pseudo-differential operator in partial
differential equation theory. Functions in the n-dimensional
Euclidean space R" are treated in this chapter. The
following symbols are used in this treatment.

X= (X, X5, X,)

Y=Y Y20 Yn)

&=(&& 0 80) ©

a=(a,a,a,)

D% = (=i0,)™ -+ (-0, )™
Consider the linear differential operator for a constant
coefficient that is given as follows:

P(D)=) a,D" @)

This operator acts on a smooth function u with a compact
supporton R™, as indicated by the following equation:

P(D)u(x) =>_a,D“u(x) ®)

Fourier transformation of the above equation yields a
simple multiplication that is a polynomial referred to as a
symbol, which is given as follows:

P(&) =2 3,¢" ©)

Fourier transformation of the above equation yields the

following relation.
1

(27"
1

~(2n)"

By generalizing this equation, the operator P(x, D) is

PO === [ P& u(y)dydé

(10)

[ e P()u()de

defined even for general polynomials where the symbol
contains X. That is,

1
(27)"

P(x.D)u =75 . e P(x (e (1)

This P(x, D) is referred to as a pseudo-differential operator.
Furthermore, a partial differential equation like the
following equation is solved for u(x).

P.(D)u(x) = P,(D) f (x) (12)
When the both sides of the above equation are Fourier
transformed, the following relation is obtained.



G EEAGHE) (13)

This relation can be rewritten as follows:

1 iX- Rl(é) ~ _
(Zﬁ)nj;ne =10 a9

This P(D) is also a pseudo-differential operator, and hence

P(D)u=

the above equation can be rewritten as follows:

P.(D
wm=éﬁ% (15
The idea of a pseudo-differential operator and the concepts
of (among others) a rational polynomial associated with a
normal differential operator and non-integer exponentiation

can then be introduced.

4. Inverse problem of scattering in medium with
dielectric dispersion —Theory for multistatic inverse
scattering on curved surface —

Taking a multistatic measurement on a curved surface as
a typical example, the inverse problem of scattering in a
medium with dielectric dispersion is described as follows.
Consider the case where an array antenna arranged on a
curve is scanned along the curve. The array antenna is

P, (X,Y,.2,)

/) Transmit antenna
P(xy,.2)

) -~
Receive antenna )

arranged on the curve with a fixed X coordinate (Fig. 2).
This arrangement is considered a quite realistic assumption
for application of the antenna to microwave mammography.
Due to the dielectric dispersion, = ¢ (w)k holds, where
c () is the propagation speed and k is the wave number.
Furthermore, k = 2r/Awhere A is the wavelength. Wave
radiated from a “transmitting point virtually set inside the
object space” is scattered, and the wave arriving at a
“receiving point done at another position inside the space”
is defined as a scattering field [3]. A function ¢ which
shows a sum of the scattering field, is introduced as follows:
(X Y11 Yo1 21, 25, @)

[ e, )dcdndc

P P

(16)

P = (X=E + (Y, —m) + (2 - &)°
Py = (X= &)+ (¥, 1) +(2,~ )

Here, the assumption was that the time factor is

proportional to exp(—iat). In the previous report [3],
& (X, Y1, Y2, 21, 22, w) satisfies the following equation:

Fig.2: Arrangement of the array antenna on the curved surface. Gray circles correspond each transmit antennas or receive

antennas.
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The propagation speed of radio waves depends on the

frequency; thus, simple derivation of the time-dependent

wave equation from this equation is impossible (unlike the

case considered in the previous report [3]). Instead, the

time-dependent partial differential equation is derived using

the method for pseudo-differential operators above-
described.

®—1i0, (18)

§ b -0, b
k=2 |a+ ——|a+
COZ[ 1+aa)2j COZ( 1—a6t2j (19)

The equation of a scattering field in a medium with

dielectric dispersion is expressed as follows:

2
[EAS2 —a—‘z[a+Ljaxz
C

4 0 1-ao,
-0, +0,°)0,° +0,)1¢(X Y1, Y5, 2, 2,,t) =0
Ag=02+0,°+0,%+0,"+0,° (20)

As the solution, this equation can include a general time-
dependent function that is formulated by synthesizing the
solutions at fixed frequency and satisfies equation (17) at
each frequency. This is the basic equation of a scattering
field with dielectric dispersion. Starting from equation (17)
where the frequency is fixed, we obtain the equation of a
scattering field. First, we will briefly review the contents of
the previous report [3]. In order to solve equation (17), the
following Fourier transform is conducted for each k.

ok, .k, Kk

oKy oKy .20, 2,, @)

= T ei""dt]2 e Midy, ]0 e dy,

I e"“*B(X, Y., ¥, Z;, Z,, t)dX
- @21)
We substitute D, and D, for 0, and 0, for the
differentiation with respect to z respectively, and the
following equation is obtained from equation (17).

{(D,?+D,% k2 ~k,*~k,?)’ ~4k’k,

2 2 2 2\ % (22)
—4(D," -k, )(D," —k, )} =0

The basic solution E (ky, ky,, ky,, 21, 2) is given as:

E(k,.k, .k, ,z,2,) =exp(is;z, )exp(is,z,) (23)
Substituting equation (23) into equation (22) yields the
following equations for s; and s».

(s +5,” +k2+k, *+k, *)* —4k?k,?

(24)
—A4(s” +k,2)(s,” +k, ) =0

From the requirements of the scattering field equations
(Appendix) for the case z; = 25,

S, +S, = J(\/kz—ky12+\/k2—ky22)2—kX2 (25)

From equation (24) and equation (25), the functions s; and
s, are derived as follows:

s,(k,, k

X1y YQ)

Je-k,? \/(sz k2l )2 K

) Je ke kik 2
Sy(ke Ky, ky,)

Je —kyf\/(\/kz ke kK )2 K

) Je ke ik, 2

(26)
The solution for equation (17) is given as follows.
¢(X, Yir Yo 235 255 k)

© o o

:ﬁjj‘[ei(kxﬂknyﬁkyzyz)

—00 —00 —00

isy (Ky Ky, .k is, (ky Ky, .k
xa(k, k, k, ke g bbbt g gk dk,

@7
The function a (kx, kyl, kyz, K) must then be related to the
measured data. For example, suppose that the equation of a
cross-section curve S at fixed x is given as follows (Like in
Fig. 2). Then consider a curved surface, which is non-
curved in the x direction but the cross-section is parabolic
in the y direction. This surface can be described by the



following relation:

z=1(y)=ay? (28)
If the value ¢ (x, Y,, ¥,» &y, ay,? K) of is obtained on the
curved surface, the following integral equation is obtained.

(X, i, yz, ay?,ay,’ k)

0 0 ©

(27T)3 I I J.eil(k Hkﬁyﬁkyzma(kw ! yz k)

—00 —00 —00

a{ $1 (K Ky Ky D Y12 452 (K Ky Ky, ) Y }
e dkxdk)ﬁdKYZ

(29)
Asdescribed ina previous report, a(ks, ky,, ky,, K) is obtained
in the following way. The data ¢(x, y,, ., z,, Z,, k) measured
at points Py and P;on a curved surface (Fig. 2) is calculated
from the Fourier transformed @ (k, Yo Yy k) as follows:

Oy (Ko Y1 Y @0) = [ [ €59y, 1,2, 2, dtdx

—00 —0

(30)
Afterward, a(ky, ky,, ky,, k) is calculated as follows:

2l K,k K= Tk, K,

_ Ze Wk 1k, 40D =i (o g )20 i Kok 2
1,J
x®(K,,Y,,Y; )
(31)

In this case, the reconstructed image, which corresponds to
the limit of the scattering field function with the
transmitting point and receiving point converging to the
same point, is obtained by integrating the following

equation fork or .

#(x.y,y,2,K) = Limlg(x, y,, ¥, 2,k)]

0 0 o

—i(kyx+k k
'( XKy Y1 Ky y)a(kx,k

=50 (27z) Ky k)

—00 —00 —00

IR g gy

(32)
In the limit of z; = 2 — z, the solution of equation (27)
converges to the solution in the scattering inverse problem
at z; = zodescribed in Appendix. Therefore, a variable k; is
introduced as following first eq. in equations (33). Here, an
equation expressing k as a function of k, and the

corresponding differentiated function are also shown as
following second eg. and third eq. in equations (33).

k, = \/(\/kz —k, 7+ ke -k, )2 k2

1 , (k 2 2)2
kZE\/I( +k,° +—+2(ky1 +k, ) (33)

k2 +k,?
ko ko ke =k, 2 ke =k, ?
d, k(I kD)

The relation between the wave number k and the frequency

wis given as follows: From eq. (4), wis given as follows:

) \/—(a+ b ctak?) +(a+b—c,iak?)? + daac, k?
B 2aa
(34)
Where,
do _ ¢k +ac o’k
dk (a+b)w+2aaw’ -ac’wk’

(35)

The image function p(x, v, z) of the reconstruction results,
which corresponds to the limit of the scattering field
function gwith the transmitting point and receiving point
converging to the same point, is expressed using equation
(32) and equation (33) as follows:

p(xY,2) = [ $(xy,y,2,k) dk

©

= [ yLLn;w(x, Yi, ¥, 2, k)] dk

= | Lim[ 3
) woy (27[)

o0 00 0 7k k k
J-J-J-e i(kyx+ky, vy +ky Y)a(kx, " y,k)

xe'(\/(\/k R g dk, K, Tk

©

— J‘ — J. J‘ J‘ e*'(k xXHKy, Yi+ky Y)elk z
bt -y (271')

—00 —00 —00

xa(k, k, . y,k)(dk Jdkxdkyldkydkz]

zZ

(36)
The measured data included in the definition a(ks, kyl, kyz,
k) depends on w rather than on k, so the abovementioned
k- conversion is necessary. Moreover, the effect of the
dielectric dispersion is incorporated at this juncture. The
reconstruction image, which is obtained by integrating for

w, is described by the following equation: The equation of



dielectric dispersion is required here as well.

p(X, y,Z) = T¢(Xv Yi Y, Z’k)dw

© o o

J‘J‘J‘e—i(kxx+ky1y1+k y)a(kx, N y!k)

—00 —00 —00

- [ Limigtx, .y, 20100
= [ Lim

(27f )’
><ei{\/‘kz*kn*m}zdkxdkyldky]dw
]3 e_,(kxx+ky1y1+kyy)eikzz
dk

xa(k, K, , y,k)[TJ dwjdk dk, dk,dk,]

(37

5. Conclusion

Although the analysis described above is valid for
multistatic scattering analysis, the same is true for
monostatic scattering analysis. Therefore, consideration of
the dielectric dispersibility in the analysis of a scattering
field is essential to avoid decreases of the spatial resolution
on a reconstructed image.
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8. Appendix
- Scattering inverse problem forz. =2z, -

Consider the problem when the z - coordinates of the
transmitting and receiving points are equal. In this case, a
five-dimensional space-time partial differential equation of
t, X, y1, Y2 and z is obtained. Then, the scattering field
function ¢ corresponding to the received signal can be
expressed by the foIIowing formula.

Px, Yo 0r2) = [[ & ~e(En.O)ocdnas
=J(x—§) +(y1—77)2+(2—§)2 38)
= J(x= &7 +(y, ) +(2-¢)?

The following equation is obtained for ¢.
A —4(ik)? (0,2 +0,%)- 40,70, |4=0
[ 10’10 (39)

A, =07 +6y12 +ay22 +0,

The solution of this equation is derived as follows.



P(X, ¥y, Y2, 2,K)

=ﬁ]? T Te—i(kxx+kyly1+kyzyz)a(kx,ky1,ky2)

—00 —00 —00

iy (k2 K, 2+ K2k, 2 )2 k2 }z
W D g g g

(40)
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